In order to study vertex operators for the Type IIB superstring on AdS space, we derive supersymmetric constraint equations for the vertex operators in AdS 3 × S 3 backgrounds with Ramond-Ramond flux, using Berkovits-Vafa-Witten variables. These constraints are solved to compute the vertex operators and show that they satisfy the linearized D = 6, N = (2, 0) equations of motion for a supergravity and tensor multiplet expanded around the AdS 3 × S 3 spacetime.
Introduction
The formulation of compactified string theories on anti de Sitter (AdS) backgrounds is necessary to understand the conjectured dualities with spacetime conformal field theories (CFT's). Presently, calculations using the correspondence are restricted to the supergravity limit of the string theories. This is because of the appearance of background RamondRamond fields in the string worldsheet action, which makes understanding the worldsheet CFT's difficult.
This problem has been partly overcome in some special cases. For example, the Berkovits-Vafa formalism for supersymmetric quantization on R 6 × M (where M is K3 or these left-moving fields. The virtue of this formalism is that Ramond-Ramond background fields can be incorporated without adding spin fields to the worldsheet action. In the AdS 3 × S 3 case, after adding those backgrounds it becomes convenient [4] to integrate out the p's, giving a model in which the fields are x p , θ a , θ a (all now with both left-and right-moving components) as well as the ghosts. x p , θ a , and θ a can be combined together as coordinates on a supergroup manifold P SU (2|2). 1 The model is thus a sigma model with that supergroup as a target, coupled also to the ghosts ρ and σ. The spacetime supersymmetry group is P SU (2|2) × P SU (2|2), acting by left and right multiplication on the P SU (2|2) manifold, that is, by g → agb −1 where g is a P SU (2|2)-valued field (which combines x, θ, and θ), and a, b ∈ P SU (2|2) are the symmetry group elements.
Thus one arrives [4] at a sigma model with conventional local interactions (no spin fields in the Lagrangian) that gives a conformal field theory description of strings propagating on AdS 3 × S 3 , with manifest spacetime supersymmetry. This gives a framework for studying the type IIB superstring on AdS 3 × S 3 × M , and the model can in principle be used to go beyond the supergravity approximation and compute the α ′ expansion of correlation functions.
In this paper, we analyze the vertex operators for this model for the massless states that are independent of the details of the compactification (including the supergravity multiplet). We work to leading order in α ′ , but because of the high degree of symmetry 1 P SU (2|2) is the projectivization of SU (2|2), obtained by dividing by its center, which is U (1). P SU (2|2) has been called SU ′ (2|2) in [4] .
String Constraints
Preliminaries on P SU (2|2)
The bosonic part of the Lie algebra of P SU (2|2) is the SU (2) × SU (2) or SO(4) Lie algebra. 2 The generators t ab = −t ba of SU (2) × SU (2) transform as an antisymmetric rank two tensor of SU (2) × SU (2) = SO (4) . (Here a, b = 1, . . . , 4 are vector indices of SO (4) .) The fermionic generators e a and f a transform as vectors of SO (4) . The Lie superalgebra takes the form [t ab , t cd ] = δ ac t bd + δ bd t ac − δ ad t bc − δ bc t ad
On the P SU (2|2) manifold, we introduce bosonic and fermionic coordinates x p , p = 1 . . . 6 and θ a , θ a , a = 1 . . . 4. We write a generic P SU (2|2) element as
2) with h ∈ SU (2) × SU (2). When we want an explicit parametrization for h, we write
where the σ pcd are described in appendix A. The idea here is that in the almost flat limit in which AdS 3 × S 3 reduces to Minkowski space R 6 , the x p become standard Minkowski coordinates. In this limit, the SU (2) × SU (2) is extended to SO(6) = SU (4), with the p index of x p transforming as a vector of SO(6), and indices a, b, c transforming as a positive chirality spinor of SO(6) (a, b, c transform as an SO(6) spinor of the same chirality since we compactify the Type IIB superstring on AdS 3 × S 3 × M ). We will write E a , F a , and K ab for the operators that represent the left action of e a , f a , and t ab on g. Very concretely, in the above coordinates,
2 For AdS 3 × S 3 , we really want the real form to be SU (2) × SL(2, R), but for our formal discussion we will just take the real form to be SU (2) × SU (2).
(2.6)
In other words, in the parametrization of P SU (2|2) in terms of h, θ, and θ, t L and t R generate the left and right SU (2) × SU (2) action on h, leaving θ and θ fixed.
The use of barred and unbarred indices in the above formulas is to be understood as follows. Like any group manifold, the SO ( aa -and is acted on very simply by t L and t R :
We call the generators of the right action of P SU (2|2) on itself K ab , E a , and F a . Just as above, we compute
Indices with bars are related to those without bars through the SO(4) group element h aa by
One of the most important objects in P SU (2|2) group theory is the quadratic Casimir operator f a e a + 1 8 ǫ abcd t ab t cd . As an operator on the P SU (2|2) manifold, the quadratic Casimir is a second order differential operator (since the group generators are first order operators); we will call it the Laplacian. The Laplacian can be written in terms of either left or right generators as
(2.11)
In verifying these formulas, one uses the fact that the SO(4) Laplacian can similarly be written in terms of left or right generators:
It follows from the action of the generators given in (2.8) that F a , E a , K ab also obey the P SU (2|2) commutation relations and that the Laplacian (2.11) commutes with the group generators (2.4), (2.8).
We recall finally that P SU (2|2) has an SL(2, R) group of outer automorphisms with E, F transforming as a doublet. In particular, the substitution
leaves the Laplacian and the commutation relations invariant.
Form Of Vertex Operators
We now want to construct the vertex operators for the supergravity multiplet. In this, we are guided by comparison with the flat space case [1, 4] . In the flat case, the supergravity vertex operators are constructed by acting with some N = 4 generators on a spin zero field V (x, θ, θ; ρ + iσ, ρ + iσ) that is a function of these fields but not their derivatives. V also obeys certain additional constraints.
The spin zero property is ensured by having V annihilated by the Laplacian ∂ p ∂ p .
The Laplacian is a second order differential operator that is invariant under the Poincaré symmetries. The analogous invariant second order operator on the P SU (2|2) manifold is the quadratic Casimir operator that was introduced above.
The ghost fields ρ and σ enter only in the combinations ρ + iσ and its barred counterpart because these combinations have zero background charge and so do not contribute to the dimension of the operator. Also, these are the combinations that remain holomorphic after perturbing to AdS 3 × S 3 as in [4] .
Finally, the constraint equations in the flat space case, as presented in [1, 4] , are written in terms of ∂ ab = σ pab ∂/∂x p and ∇ a = ∂/∂θ a . In the curved case, ∂ ab is deformed to K ab and ∇ a is interpreted as F a . To the flat space constraint equations, we find that we have to add lower order terms to achieve P SU (2|2) invariance.
The expansion of the vertex operator in terms of the ghost fields is
In flat space, the constraints from the left and right-moving worldsheet super Virasoro algebras are from [4] :
(2.14)
In flat space, these equations were derived by requiring the vertex operators to satisfy the physical state conditions
where In curved space, we modify these equations as follows:
(2.18)
There is also a spin zero condition constructed from the Laplacian: The above constraint equations are invariant under the action of P SU (2|2) × P SU (2|2), but there is a subtlety in how P SU (2|2) acts. The subtlety comes from the unusual form of the P SU (2|2) × P SU (2|2) currents found in [4] (and ultimately from the unusual form of half of the supercharges even in the flat case in this formalism [1] ). While F and K have natural definitions in [4] , and act by the obvious left multiplication on g while leaving invariant the ghosts, this is not true for E. Rather, E has a term that acts naturally on g, plus corrections that are proportional to e −ρ−iσ times F .
We have found that the following transformations generate a P SU (2|2) action on the V 's that commutes with the constraint equations in (2.18)-(2.20):
(In a hopefully obvious notation, we write ∆ ab for the variation of the vertex operator generated by t ab and ∆ ± a for the variations generated by e a and f a .) These formulas are the standard P SU (2|2) generators on the V m,n , except that to E we have added a multiple of F times a "raising" operator on the m index. This is suggested by the form of the supercharges q ± a in [4] . The constraint equations in (2.18)-(2.20) were determined by being invariant under the deformed P SU (2|2) generators. This uniquely fixed all the "lower order terms" that were not present in the flat case. It would be desireable to derive (2.18)-(2.20) directly by constructing the constraint operators and their action on vertex functions exactly, or at least perturbatively in α ′ . However, the uniqueness gives us confidence in the formulas.
Gauge Transformations
The constraint equations for the vertex operators are also invariant under gauge transformations. We use these to identify the physical degrees of freedom of the vertex operator (2.13) as follows. Useful gauge symmetries of the flat space equations are
with (sum on n = −1, 0, 1)
where the gauge parameters Λ,Λ are annihilated by G + 0G + 0 , the gauge parameters Λ,Λ are annihilated by G
and Ω is annihilated by T 0 , T 0 . The currents e −iH c , e −iH c are related to the N = 4 currents Using the transformations (3.1) one can gauge fix to zero the vertex operators
, and therefore they do not correspond to propagating degrees of freedom. Furthermore this gauge symmetry can be used both to set to zero the components of V 1,1 with no θ's or no θ's, and to gauge fix all components of V 0,1 , V 1,0 , V 0,0 that are independent of those of V 1,1 . The physical degrees of freedom are thus described by a superfield [4]
This has the field content of D = 6, N = (2, 0) supergravity with one supergravity and one tensor multiplet [5] . As explained in [4] , in flat space, the surviving constraint equations in the set (2.14)-(2.16) imply that the component fields Φ are all on shell massless fields, that is 6 m=1 ∂ m ∂ m Φ = 0 and in addition
where
The equations of motion 
String Equations for AdS Vertex Operator Field Components
Acting on the superfield in (3.2), the AdS supersymmetric constraints (2.18) -(2.20)
For the bosonic field components of the vertex operators, the zero Laplacian condition (4.2) requires that
and (4.1) results in
We have used (2.10) to relate barred and unbarred indices. We have expanded
L we find (4.5) follows from (4.6),(4.7).
In order to compare this with supergravity, we want to reexpress the above formulas in terms of covariant derivatives D p on the group manifold. We will, however, write everything in terms of right-or left-invariant vielbeins described in section 2 and appendix B. So we write
We also have corresponding objects t so that the invariant derivatives on the SO(4) group manifold satisfy
where the SO(4) structure constants from (2.1) are
These definitions of the invariant derivatives are, for example, compatible with
For a more detailed discussion, see appendix B.
Gauge Conditions
We show that the constraints on the vertex operators (4.3)-(4.8) are identical to those of AdS supergravity as follows. Using
and (2.7) , we find that (4.8) are gauge conditions on the string fields:
This is the curved space analog of the flat space conditions ∂ p g ps = −∂ s φ , ∂ p b ps = 0. The string equations (4.3)-(4.8) are invariant under the residual gauge transformations which transform G mn :
where the gauge parameters ξ m , η m satisfy AdS 3 × S 3 we can write the Riemann tensor and the metric tensor as 
Metric, Dilaton, and Two-form
We find from the string constraint (4.4) that the six-dimensional metric field g rs , the dilaton φ, and the two-form b rs satisfy
This is the curved space version of the flat space zero Laplacian condition
Self-Dual Tensors and Scalars
Four self-dual tensor and scalar pairs come from the string bispinor fields From (4.3), we find
The string constraints (4.6) can be written as
which is similar to the form of (4.7) , so F +−ab and F −+ab also satisfy equations of the form (4.20),(4.21).
Gravitinos and Spinors
Independent conditions on the fermion fields from (4.1),(4.2) are 3 space, the number of physical degrees of freedom in the vertex operator (2.13) remains the same as in the flat case, but the field g mn is now related to the oscillation around the AdS 3 ×S 3 metric. For this metric to be a solution of the supergravity equations [5] , there must be also either a non-vanishing (real) self-dual tensor field or a non-vanishing (real) anti-self-dual tensor field. Expanding around this classical solution, we will find that we need to choose one of the real self-dual tensor fields to be non-vanishing at zeroeth order, to be able to identify these linearized supergravity equations with the constraints of the string model.
We will see that the two-form b mn is a linear combination of all the oscillations corresponding to the five self-dual tensor fields and the anti-self-dual tensor field, including the oscillation with non-vanishing background. In flat space, b mn corresponds to a state in the Neveu-Schwarz sector. In our curved space case, the string model describes vertex operators for AdS 3 background with Ramond-Ramond flux. When matching the vertex operator component fields with the supergravity oscillations, we find that not only the bispinor V −− ab (which is a Ramond-Ramond field in the flat space case), but also the tensor b mn include supergravity oscillations with non-vanishing self-dual background. We use the Romans' variables [5] to describe the AdS supergravity equations, where the three-form field strengths are labelled by one anti-self-dual K mnp and five self-dual H i mnp fields. Our procedure will be to start in this section with the supergravity equations, and rewrite them as equations for the field combinations that occur in the string theory vertex operators. We then show that these equations are equivalent to the string constraint equations (4.3)-(4.8).
We list the field identifications at the end of this section.
In the bosonic sector, the supergravity equations are
′ for a metricg, and
The string vertex operator components are related to the supergravity fluctuations around the AdS 3 × S 3 metric g mn and the three-form field strength
ab , and g mn is given in (4.17). As in [6] , we can parametrize these fluctuations as
where we label the scalar fluctuations by φ i since they have vanishing background. The anti-self-dual tensor K mpq also has vanishing background, but is parametrized as above so that the fluctuations g i mpq and g 6 mpq are exact three-forms [5] . The linearized supergravity equations are given by For the moment we let B i be arbitrary constants. In zeroeth order, the equations are 
We note that the fluctuations g 
where 2 ≤ I ≤ 5.
The string graviton field g rs is chosen to be traceless and can be written in terms of the supergravity fields as
Using (5.9) and the gauge conditions (4.14) , we find (5.7),(5.8) to be
we find 
From (5.14),(5.17) we make the field identification between the string dilaton field φ and the supergravity scalars h λ λ , φ i :
Note that for AdS 3 × S 3 we have
With these field identifications, we can combine (5.10),(5.11) to find from the supergravity For the string constraints on V −− ab , we have from the trace of (4.22)
and acting on (4.22) with (σ rcd D r − δ cd ) and using the supergravity equations (5.17) we 
which follows from choosing the graviton trace h It is also convenient to let t L be a covariant derivative that is defined by using the right-invariant vielbein and setting the spin connection to zero; likewise, t R is a covariant derivative defined using the left-invariant vielbein and setting the spin connection to zero. The above formulas have obvious counterparts for t R and T R .
It is convenient, as in the case of the sigma matrices, to raise and lower the index pairs on the structure constants with ǫ abcd , so 
